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( ) ( )
H $NN$
(one-relator group)
1 (primitive group rings)
$R$ ( ) $(\ni 1)$ $R$ $R$
(a right primitive ring)
$R$ $R$ ideal $R$ ideal
$\rho$
ideal $R/\rho$ $R$ $R$ ideal
$J(R)$ ideal $R$ Jacobson
radical $J(R)=0$ $R$ $(semipri_{1}nitive)$
(semisimple) ideal
ideal $R$ ideal




$KG$ $G$ $K$ (the group ring of $G$ over
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$K)$ $G$ $KG$
Maschke







$G\neq 1$ $KG$ Artin
$KG$





$G$ $G$ $G=G_{0}\triangleright G_{1}\triangleright\cdots\triangleright G_{n}=1$
$G_{i}/G_{i+1}$ polycyclic
$\rceil$ (Domanov[8], Farkas-Passman [10] and Roseblade [26]) $G$ polycyclic




$\triangle(G)=$ {$g\in G|g$ $G$ }.
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$G$ $KG$





$H$ $\phi$ : $Harrow H$
$G=\langle H,$ $t|t^{-I}$ht $=\phi$ ( ) $\rangle$ $G$ $H$ $\phi$
H $NN$ $G=H_{\phi}$
3 (Nishinaka [23]) $F$ $G=F_{\phi}$ $F$
$\phi$ H $NN$ $KG$
$|K|\leq|F|$ $\triangle(G)=1$ .
H $NN$ H $NN$
H $NN$
Feign-Handel [11] HNN coherent
Geoghegan-Mihalik-Sapir-Wise [15] $H$





([14], [18], [1], [22])
4 (Nishinaka [24]) $F_{1}\subseteq F_{2}\subseteq\cdots\subseteq F_{n}\subseteq\cdots$




$\rceil$ (Nishinaka [24]) 3 $F$
1 (one-relator group)
1
2 $\rceil$ (one-relator groups)
$\langle X\rangle$ $X$ $W\in\langle X\rangle$ (cyclically
reduced word) $G=\langle X|W=1\rangle$ $G$ 1
(one-relator group) $G=\langle X|W\rangle$ $\circ$
1
1:1 $[a, b]=a^{-1}b^{-1}ab$
(1) $\langle a,$ $b|[a, b]\rangle$
(2) $\langle a_{1},$ $\cdots,$ $a_{n},$ $b_{1},$ $\cdots,$ $b_{n}|[a_{1}, b_{1}]\cdots[a_{n}, b_{n}]\rangle$ $n$
(the fundamental group of a compact orientable surface of genus n)
(3) $\langle a,$ $b|a^{2}b^{2}\rangle$
(4) $\langle a_{1}$ , $\cdot\cdot\cdot$ , $a_{n}|a_{1}^{2}a_{2}^{2}$ . . . $a_{n}^{2}\rangle$ $n$ (the funda-
mental group of a compact non-orientable surface of genus n)
(1) (3)
(2) $n>1$ (4) $n>2$
5 (1) (Karrass-Solitar [20]) 1
(2) (W. Magnus [21]) $G=\langle a_{1}$ , $\cdot\cdot\cdot$ , $a_{n}|W\rangle,$ $W$ $a_{1},$ $\cdots,$ $a_{n}$











1 (one-relator grou. with torsion)
$W$ (cyclically reduced word) $\langle a,$ $b|W^{n}\rangle$ $n>1$
$W$ $a,$ $b$ ( )
6(Ree-Mendelsohn [25]) $G=\langle a,$ $b|W^{n}\rangle$ $n>1$ $W$
$a,$
$b$ $m$ $a$ $b^{m}$
$G$ $\langle a,$ $b^{m}\rangle$ 2
5 6 1 $\langle a_{I},$ $\cdots,$ $a_{m}|W^{n}\rangle$
3 $\text{ ^{}\iota}|^{\backslash }f$ (residual finiteness)
$G$ $G$ $g$ $G$
$g$ $G$
$p$ $p$- ( $g\neq 1$
$g$ $p$ )
$G$ $K$ $0$ $KG$
$0\neq u\in KG,$ $u=\alpha_{1}g_{1}+\cdots+\alpha_{n}g_{n},$ $\alpha_{i}\neq 0,$ $g_{i}\neq g_{j}$
$(i\neq j)$ $G$ $g_{i}g_{j}^{-1}(i\neq j)$ $G$
$H_{ij}$ $g_{i}g_{j}^{-1}\not\in H_{ij}$ $H= \bigcap_{ij}H_{ij}$ $H$
$H_{ij}$ $H$
$i,j(i\neq j)$ $g_{i}g_{j}^{-1}\not\in H$ $\overline{G}=G/H,$ $\psi$ $KG$ $K\overline{G}$
$\psi(u)\neq 0$ $u\in J(KG)$ $\psi(u)\in J(K\overline{G})$ $\circ$




$K$ $KG$ $\triangle(G)\neq 1$ $\mathbb{C}$
$\mathbb{C}G$ ) $G$ $KG$
2:
(1) (M. Hall, Jr [16])
(2) (Hirsch [17]) polycyclic by finite
(3) (Hsu-Wise [19]) polycyclic by finite HNN
(4) (Borisov-Sapir [7]) $HNN$
1 1
1
1 (G. Baumslag [4]) 1 (one-relator group with
torsion)
3: 1 $F=\langle a_{1},$ $\cdots,$ $a_{m}\rangle$
(1) (B. Baumslag-Levin [3]) $G=\langle F,$ $t|(t^{-1}VtW)^{n}\rangle$ , $V,$ $W\in F$
$n>1$ $G$
(2) (Egorov [9]) $G=\langle F|W^{n}\rangle$ , $W$ a positive word in $F$
$n>1$ $G$
(3) (Wise [29]) $G=\langle F|W^{n}\rangle$ , $W\not\in[F, F]$ $n>3|W|+8$
$G$
(1) $G$ free by cyclic
Wise [28] (2) (2)
$G$
1 (1)(B. Baumslag-Levin [3]) $G$ 3 (1) $G$ free by
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cyclic
(2)(Wise [28],[29]) $G$ 3(2) (3) $G$ $A*HB$
$A,$ $B$ $H$ $A$ $B$
$g\in(A\backslash H)\cup(B\backslash H)$ $H\cap H^{g}=1$ .
1 1
$p,$ $q$ $\langle a,$ $b|a^{-1}b^{\rho}ab^{-q}\rangle$
( Hopfian [6])




$\rceil$ (G. Baumslag-Miller-Troeger [5]) $F_{m}=\langle a_{1}$ , , $a_{m}\rangle(m>1),$ $G_{n}=$
$\langle F|(r^{r^{w}}r^{-2})^{n}\rangle,$ $r,$ $w\in F,$ $[r, w]\neq 1$ $n=1$ $G_{n}$
(1) $n>1$ ?
(2) free by cyclic ?
4 $\rceil$ (primitivity of group rings of
one-relator groups)
$G$ ( $\triangle(G)=1$ )
$G$ polycyclic HNN
$G$ $KG$ (
2(1) 2 2(2) 1 2(4) 3) 1
( 1) ( ) 1
$\rceil$ ( 3 ) $F=\langle a_{1},$ $\cdots,$ $a_{m}\rangle,$ $K$
(1) $G=\langle F,$ $t|(t^{-1}VtW)^{n}\rangle$ , $V,$ $W\in F,$ $n>1$ $\triangle(G)=1$
$KG$
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(2) $G=\langle F|W^{n}\rangle$ , $W$ apositive word in $F,$ $n>1$ $\triangle(G)=1$
$KG$
(3) $G=\langle F|W^{n}\rangle$ , $W\not\in[F, F],$ $n>3|W|+8$ $\triangle(G)=1$
$KG$
(1): 1 (1) $G$ $N$ free by cyclic
3 $KN$ $\triangle(G)=1,$ $[G:N]<\infty$
[27, Theorem 3] $KG$
(2),(3): $G$ $N$ $N$ $A,$ $B$ $N=$
$A*HB$ $H$ $A$ $B$
$g\in(A\backslash H)\cup(B\backslash H)$ $H\cap H^{g}=1$
[2, Theorem 3.2] $KH$ $\triangle(G)=1$ ,




2( 1 ) $G=\langle a,b|([a,b]^{[a,b]^{a}}[a,b]^{-2})^{3}\rangle,$ $n>1,$ $K$
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